Fueter's theorem for the biregular functions of 

CHfford analysis 



Dixan Peria Pena* and Frank Sommen** 

Clifford Research Group, Department of Matfiematical Analysis 
Faculty of Engineering, Ghent University 
Galglaan 2, 9000 Gent, Belgium 
*e-mail: dpp@cage.ugent.be 
**e-mail: fs@cage.ugent.be 



Abstract 

In this paper we present a generalization of the Fueter's theorem for 
monogenic functions to the case of the biregular functions. 
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1 Introduction 

Let Mo,m be the 2'"-dimensional real Clifford algebra generated by the stan- 
dard basis {ei, . . . , Cm} of the Euclidean space (see [5]). The multiplica- 
tion in Mo,m is determined by the relations 



ejCk + CkCj = -25 jk, j,k = 1 



where 6jk denotes the Kronecker delta. A basis for the algebra is then given 
by the elements ca = . . . e^,, where A = {ji, . . . ,jk} C {1, . . . , m} and 
ji < ■ ■ ■ < jk (e0 = 1 is the identity element). A general element a of Mo_m 
may thus be written as 



a 

A 
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and its conjugate a is defined by 

a = ^ aXcA, ca = Cji^ . . . ej^ , Cj = -ej, j = 1,. . .,m. 

A 

Suppose now that fl is an open subset of W^^^ x M'"+^ and let / be an 
Ro,m,-valued function defined in Q. Then / is of the form 

fi^i y) = ^ /a (a;, y)eA, (x, y) = (xq, x^, ?/o, ...,?/„) G f2 

A 

where the functions Ja are R-valued. The variables x and y will also be 
identified with the paravectors x = Xq + x = Xq + J2]Li ^j^j V = Vo + y = 
yo + X]j=i2/i6j' respectively. Next, we introduce the generahzed Cauchy- 
Riemann operators 

m m 

Ox ~\~ dx C^X'O ~l~ ^ ^ 6 J dxj 5 dy Oyf^ -\- dy dyg -\- ^ ^ 6 J Oy^ , 

which factorize the Laplacian in the variables x and y, respectively, i.e. 

m m 

Ax = dl^ = dxdx = dxdx, Ay = ^ dy^ = dydy = dydy. 

j=0 j=0 

In this paper we shall deal with the so-called biregular functions, which are 
defined as follows. 

Definition 1 Assume that f G C^{Q). Then the function f is called bireg- 
ular in Q if it fulfills in Q the system dxf = fdy = 0. 

The biregular functions were introduced in the 1980s by Brackx and 
Pincket as an extension to two higher dimensional variables of the stan- 
dard monogenic functions, i.e. functions f : fl G W^~^^ — Mo,m satisfying 
dxf = (or fdx = 0). Some of the main properties of the biregular functions 
may be found in e.g. 0, El SI ESI [IS]- For a detailed study of the monogenic 
functions we refer the reader to [U El [10] . 

An important technique to generate monogenic functions is the so-called 
Fueter's theorem. Discovered by R. Fueter in the setting of quaternionic anal- 
ysis (see [1]), this technique has been extended to R"^"*"^ within the framework 
of Clifford analysis in [171120] (^ odd) and in [15j (m even). For other works 
on this topic we refer the reader to e.g. [6l [3 jlll |12l [131 [El [16] . 

For m odd, Fueter's theorem states the following: 
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Theorem 1 Let u + iv be a holomorphic function in some open subset S of 
the upper half of the complex plane C and assume that P^. (x) is a homogeneous 
monogenic polynomial of degree k in M™. Put io_ = x/r, with r = \x\. If m is 
odd, then the function 

/\x ' [{u{xQ,r) +uj_v{xo,r))Pk{x)\ 
is (left) monogenic inVL = {x & ]R™+^ : (xct) G S}. 

Fueter's theorem discloses a remarkable connection existing between the 
classical holomorphic functions and its higher dimensional counterpart (i.e. 
the monogenic functions). The purpose of this paper is to generalize this 
important result to the case of the biregular functions. We shall see how a 
similar relationship exists between the latter and the holomorphic functions 
of two complex variables. 



2 Auxiliary results 

We group together here a series of lemmas which will be needed in the proof 
of our main result. 

For an M-valued function (p and an Mo,m-valued function it is 
clear that 

dx{(t)g) = {dx(f>)g + (p{dxg), (1) 
{ct>g)dy = gidyjy) + (l)igdy). (2) 
Moreover, for a vector- valued function / = fj^j, we have 

d.ilg) = (dj) g - m_g) - 2 f,{d.^g). (3) 

Indeed, 

m m 

i=i j=i 
which results in ([3]) on account of the equality 

Cjl = -f_ej -2fj, j = 1, . . . , m. 
In the same spirit we can also prove: 

m 

{gL)dy_ = gUdy) - {gdyjl - 2 E f^dy^g)- (4) 
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Lemma 1 Suppose that f{ti, . . . , id) is an W-valued C°° function on and 
that Dt- and D^^ are differential operators defined by 

A,(»){/} = (^9,,) /, i = i,...,<<, 

forn>l and A,(0){/} = D^J{0){f} = f. Then one has 

(i) dlD,^{n){f} = D,^{n){dlf} - 2nA, (n + 1){/}, 

(ii) d,^D,^{n-l){f/t,} = D'^{n){f}, 

(iii) D^^{n){dtJ}^dt^Dt^{n){f}, 

(iv) Dt^{n){dtJ} - dt^D'^in){f} = 2n/t, D'^{n){f}, 

(v) dlD^^{n){f} = D'^{n){dlf} - 2nD*^ (n + 1){/}. 

Proof. We prove (i) by induction. When n = 1, we have 

f Q'^ f !j f 

5jA,(l){/} = ^-2^ + 2^ 

= A,(i)Ki}-2A,(2){/} 

as desired. 

Now we proceed to show that when (i) holds for a positive integer n, then 
it also holds for n + 1. Indeed, 

d^D^^in + 1){/} = A,(l){9^, A,(n){/}} - 2A,(2){A,(n){/}} 
= A,(1){A, - 2n A,(n + !){/}} 

-2A,(n + 2){/} 
= A,(n + l){dlf} - 2(n + 1) A,(n + 2){/}. 

Statement (ii) easily follows from the definition of D^^ {n){f}. Next, using 
(ii), we obtain (iii) as 

D'^in){dtJ} = dt,D,^in - l){dtj/tj} = 9,^. A,(n){/}. 
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To obtain (iv) we use (i) and (ii): 

Dt,{nmj-}-d,^D'^{n){f} 

= D,^{n){d,J}^dlD,^{n^l){f/t,} 

= D,^in){d,J} - A,(n - l){dl{f/t,}} + 2{n - 1) A,(n){//t,} 

= A,(n){a,^./} - - l){D,^{l){dtJ} - 2A,(1){/A.}} 

+ 2(n-l)A,(n){/A,} 
= 2n A,(n){//t,} = 2n/tjD'^{n){f}. 

Finally, from (i)-(iii) it follows that 

dlD'^{n){f} = dlD,^{n-l){f/t,} 

= d,^D,^{n - l){dl{f/t,}} - 2(n - 1)9,^. A, (n){/A,} 

= dt^Dt^in){dtJ} - 2n9,^ A,(n){//t,} 
= A^(n){a,y}-2nA^(n + !){/}, 

thus proving (v). □ 

Throughout this paper we denote by Pk,i{x,y) a homogeneous biregular 
polynomial in M.^ x R"* of degree A; in x and degree I in y, i.e. 

9.Pfc,z(x, y) = Pfc/x, y)9, = 0, (x, y)eW-x 
(^ 1^, M = t'ltiPk,i {x,y), 1 1 , t2 e R. 

Put 

ui = x/r, i^ = y/p 

where r = |^| and p = \y\. 

Lemma 2 Let h{xo, r, yo, p) be an W-valued C°° function on such that 

dlh + dlh = dlh + dlh = Q. 

Then 

n 

K{hPk,i) = 11(2^ + - - l))Dr{n){h}Pk,u 

n 

K{h^Pk,i) = \{{2k + m - (2j - 1)) A(n){/i}a;Pfc,^, 

n 

^y{hPk,i) = + m- (2j - l))Dp{n){h]Pk,u 
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n 

^y{hPk,iV) = \[{2l + m - (2j - l))D^{n){h}Pk,iK. 



Proof. We first prove that for any R-valued function g{xQ, r, yo, p) in the 
variables Xq, r, yo ^-nd p the following equalities hold 

^.{9Pk,i) = {dig + dig + {2k + m- l)Dr{l){g]) Pk,i, 

K{9^Pk,i) = {dl,g + dig + + m - a; Pfe,^, 

l^y{gPk,i) = (9,^0^ + 9> + (2Z + m - l)i^p(l)M) P^, 
A,(^Pfc,^i^) = {dlg + dlg + {2l + m-l)D''{l){g})Pk,iv. 
In fact, it follows that 

m m 

dx9 = ^ ejd^.g = ej{drg){d^r) = cjdrg, 
j=i j=i 



and 



^xg = ^^o^ + = d^o9 - dSidrg) 

^dlg + dlg+'^d^g. 

Therefore 

m 

A,{gPk,i) = {A,g)Pk + g{A^Pk,i) + 2j2id,,gm,Pk,i) 



m — 1 



d'9 + dig + 



dt,9 + dig + ^ drg Pu, 



)r) 
i=i 



2A; + m-l 



6 



where we have also used Euler's theorem for homogeneous functions. More- 
over, 

m 

= - ^2 + uA^{gPk,i) 

m 

= (^^0^ + d'rg + (2A: + m - 1) - ^) ) UP,, 

In a similar way we can prove the other two equalities. 

The proof now follows by induction using the previous equalities together 
with statements (i) and (v) of Lemma [TJ 

It is clear that the lemma is true in the case n = 1. Assume that the 
formulae hold for a positive integer n; we will prove them for ri + 1. 

We thus get 

n 

K^'{hPk,i) =l[{2k + m- (2j - l))A,{Dr{n){h}Pk,i). 
i=i 

But 

A.,{Drin){h}Pk,) 

= {dl^Dr{n){h} + d^,Dr{n){h} + {2k + m - l)Dr{n + l){h}) Pkj 
= {Drin){dl^h + d^h} +{2k + m- {2n + 1)) + l){h}) Pk,i 

yielding 

{hPk,i) =l[{2k + m- {2j - l))Dr{n + l){h}Pk,i, 
i=i 

which establishes the first formula. The others may be proved similarly. □ 

Lemma 3 Assume that A, B, C and D are M.-valued functions on M"^. 
Then the function 

F{x,y) = A{xo,r,yo,p)Pk,i{x,y) + B{xo,r,yo, p) uiPk,i{x,y) 

+ C(xo, r, yo, p)Pfc,i(x, y)i^ + D{xo, r, yo, p)uj_Pk,{x, y) u, 
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is biregular if the following Vekua-type systems are satisfied 

OxqA — Or-B = B o^^C — OrD = D 

Oy^^A — OpC = C Oy^B — OpD = D 

dy,C + dpA = dy,D + dpB = 0. 

Proof. It is not hard to check, using the Leibniz rules ([1]), ([3]) and Euler's 
theorem for homogeneous functions, that the following equality holds 

drB + B j Pk^i + drCui Pk,l V 

- idrD + Dj Pk,lU. 

Therefore 

d,,A - drB B\ Pk,l + (4oS + drA) UjPk,l 

(2k -\- m — 1 \ 
d,,C - drD Dj PkJ V + {d^,B + drC) UlPk,l V. 

Similarly, using (|2]), (jl]) and Euler's theorem for homogeneous functions, we 
can also obtain that 

/ 2/ -I- m — 1 \ 
y)dy = idy,A - dpC - ——^ Cj Pk,i 

( 2/ + m — 1 \ 
+ \dy,B - dpD d \ uiPk,i + idy,C + dpA) Pk,iu 

+ {dy,D + dpB)ujPk,iu, 
which completes the proof. □ 

3 Fueter's theorem 

Suppose that Uj{xi,yi, X2, y2) and f X2, ?/2), 3 = 1, 2, are R-valued 

functions which satisfy the following Cauchy-Riemann systems 

d^^ui = dy^vi d^^U2 = dy^V2 

dy^ui = -d^^vi dy^U2 = -dx^V2 
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in some open subset S C x = {(xi, yi, X2, ^2) G x : yi, y2 > 0}. 
In other words, the functions Ui + ivi and U2 + iv2 are holomorphic with 
respect to the complex variable zi = xi + iyi while ui + iu2 and vi + if 2 are 
holomorphic with respect to ^2 = 2:2 + iy2- 

Remark: Note that a simple way to obtain these types of functions is by 
using holomorphic functions of two complex variables. Indeed, if m + if is 
a holomorphic function in C^, then we can put Ui = u, Vi = U2 = v and 
f2 = -u- 

Finally, for the biregular functions we propose the following result. 
Theorem 2 Letuj, vj {j = 1,2) be as above. If m is odd, then the function 

Ax. ''Ay [ui{xo,r,yo,p)Pk,i{x,y)+vi{xo,r,yo,p)uPk,iix,y) 



+ U2{xo, r, ?/o, p)Pk,i{^, y)K + V2{xo, r, yo, p)uiPkj{x, y) v 
is biregular inVL = {(x, y) G W"^^^ x W^'^^ : (xo,r,yQ, p) E S}. 
Proof. By Lemma [H we get that 

Ax ' Ay 2 \UiPk,i + viuPk^i + U2Pk,iK + V2UiPk,iK] 
= (2A; + m - 1)!!(2/ + m - 1)!! (^APk,i + BuPk^i + CP,, ^ z/ + D w P^,; z/) , 
with 



2 




m — 




2 




m — 




2 




m — 


1 



B = D'[k + ]Dp\^l + ] {fi}, 

C = Dr{k+ '^—^ ]D''(l+ '-^—^ ) {M2}, 



2 




m — 




2 




m — 




2 




m — 


1 



D = D'[k + —^D'[l + —^ M. 

The task is now to prove that A, B, C and D satisfy the Vekua-type systems 
of Lemma O In order to do that, it will be necessary to use the assumptions 
on Uj and Vj (j = 1, 2) and Lemma [H 
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Indeed, by the statements (iii) and (iv) of Lemma [T] and using the fact 
that Ui+ivi is holomorphic with respect to the complex variable Zi = Xi+iyi, 
it follows that 

a,, A - a, B 

= + |z), (k + ^) {d,„u,} - d,.D' {k + ^) {•<,,}} 

2A; + m - 1 ^ 



and 
= 0. 

In a similar way we can verify the other systems of Lemma |3l □ 
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